A dominating set S which is also convex is called a convex dominating
Introduction
Let G = (V (G), E(G)) be a connected simple graph and v ∈ V (G) S is convex if I[x, y] ⊆ S for any x, y ∈ S, i.e., I G [S] = S. A dominating set S which is also convex is called a convex dominating set of G. The convex domination number γ con (G) of G is the smallest cardinality of a convex dominating set of G.
The closed neighborhood of S is N G [S] = N [S] = S ∪ N (S). A subset S of V (G) is a dominating set of G if for every v ∈ (V (G)\S), there exists x ∈ S such that xv ∈ E(G), i.e., N [S] = V (G). The domination number γ(G)
A
subset S of V (G) is a restrained dominating set if N [S] = V (G) and V (G) \ S is a subgraph without isolated vertices. A convex dominating set S of V (G) is a restrained convex dominating set of G if for each u ∈ V (G) \ S, there exists z ∈ V (G) \ S such that uz ∈ E(G).
The minimum cardinality of a restrained convex dominating set of G, denoted by γ rcon (G), is called the restrained convex domination number of G.
Convexity in graphs has been discussed and studied in [1, 2, 3, 4] . On the other hand, domination and convex domination in graphs has been studied in [5, 6] .
Results
From the definitions, the following result is immediate.
Remark 2.1 Let G be any connected graph of order n ≥ 2. Then (i) γ(G) ≤ γ con (G) ≤ γ rcon (G); and
(ii) γ rcon ∈ {1, 2, .., n − 3, n − 2, n}.
It is worth mentioning that the upper bound in Remark 2.1(ii) is sharp. For example, γ scon (P n ) = n for all n ≥ 3. The lower bound is also attainable as the following result shows.
Theorem 2.2
Given positive integers k and n such that n ≥ 3 and k ∈ {1, 2, ..., n − 2, n}, there exists a connected graph G with |V (G)| = n and γ rcon (G) = k.
Proof : Consider the following cases: Case 1. Suppose k = 1. Let G = K n . Then |V (G)| = n and γ rcon (G) = 1.
Case 2. Suppose k = n. Let G = K 1,n−1 . Then |V (G)| = n and γ rcon (G) = k.
Case 3. Suppose 1 < k ≤ n − 2. Let r = n − k. Consider the graph G = {v} + (K r ∪ K k−1 ) as shown in Figure  1 . Proof : Consider the following cases:
and consider the graph G 1 obtained from H 1 by adding the edges x i v 1 , where i = 1, 2, ..., p (see Figure 2 ). 
are, respectively, minimum convex dominating set (or γ con -set) and minimum restrained convex dominating
Case 2. Suppose that m < n. Let r = n − m and suppose that k = m − 1. Let H 2 be the complete graph K r+1 and let G 2 be the graph obtained from H 2 by adding the path Figure 3) . 
Suppose that k < m − 1. Let r = n − m and p = m − k − 1. Consider the graph G 2 in Figure 3 and let G 3 be the graph obtained from G 2 by adding the x i v 1 , where i = 1, 2, ..., p(see Figure 4) . . .
The set A 3 = {v 1 , v 2 , ..., v k } is the minimum convex dominating set of G 3 and the set B 3 = {x 1 , x 2 , ..., x p , v 1 , v 2 , . .., v k , x} is the minimum restrained convex dominating set of G 3 . Hence, γ con (G 3 ) = k, γ rcon (G 3 ) = p + k + 1 = m, and |V (G 3 )| = r + p + k + 1 = n. This proves the assertion.
Corollary 2.4
The difference γ rcon − γ con can be made arbitrarily large.
Theorem 2.5 Let G be a connected graph. If a subset S of V (G) is a restrained convex dominating set of G, then (i) N [S] = V (G) and V (G) \ S is a subgraph without isolated vertices;
(ii) N (u) ∩ S is complete for all u ∈ V (G) \ S; and
∩ S then one of the following holds:
Proof : Suppose S is a restrained convex dominating set in G. By Definition of restrained dominating set,
is an x-y geodesic and S is convex, {x, u, y} ⊆ I[x, y] ⊆ S. This contradicts the fact that u / ∈ S. Thus, xy ∈ E(G) for every x, y ∈ N (u) ∩ S. Hence, N (u) ∩ S is complete. This proves (ii). Next, let u ∈ V (G) \ S. Since S is a restrained dominating set, there exists 
where H is a graph without isolated vertices.
For the converse, suppose that G = K 1 + H, where H is a graph without isolated vertices. Let S = V (K 1 ). Then S is a convex dominating set of G. Moreover, since V (G) \ S = H has no isolated vertices, it follows that S is a restrained convex dominating set of G. Thus, γ rcon (G) = 1. Proof : Suppose that γ rcon (G) = 2. Let S = {x, y} be a γ rcon -set in G. Then xy ∈ E(G) and G = S or V (G) \ S has no isolated vertices. Furthermore, since, γ rcon (G) = 1, G ∼ = K 1 + H for any graph H without isolated vertices, by Theorem 2.6.
For the converse, suppose that G ∼ = K 1 + H for any graph H without isolated vertices and there exist adjacent vertices x and y that dominate G such that V (G) = {x, y} or V (G) \ {x, y} has no isolated vertices. Let S = {x, y}. Then S is a restrained convex dominating set of G. Thus, γ rcon (G) ≤ 2. Since γ rcon (G) = 1 by Theorem 2.6, it follows that γ rcon (G) = 2. Proof : Suppose m ≥ 2 and n ≥ 2. Then K m,n is a connected graph of order n ≥ 4. Clearly, K m,n ∼ = K 1 + H for any graph H without isolated vertices. Further, by definition of K m,n and the fact that m and n are both greater than or equal to 2, there exist adjacent vertices x and y that dominate K m,n such that K m,n \ {x, y} is a graph without isolated vertices. Thus, by Theorem 2.9, γ rcon (K m,n ) = 2. Theorem 2.11 γ rcon (T n ) = n for all n ≥ 1.
Proof : Clearly, γ rcon (T 1 ) = 1, γ rcon (T 2 ) = 2, and γ rcon (T 3 ) = 3. Let n ≥ 4 and let u, v ∈ L(T n ) be any two end vertices or leaves of T n . Since every 2 distinct vertices of T n are joined by a unique path, every u-v path is a u-v geodesic. Let S be a γ rcon -set of T n . Since S contains all the leaves of T n and every x ∈ V (T n )\L(T n ) is in a u-v geodesic for some u, v ∈ L(T n ), it follows from the convexity property of S that x ∈ S. Thus, S = V (T n ). Therefore, γ rcon (T n ) = n. Corollary 2.12 γ rcon (P n ) = n for all n ≥ 1.
Theorem 2.13
Proof : Clearly, γ rcon (C 3 ) = 1, γ rcon (C 4 ) = 2 and γ rcon (C 5 ) = 3. Now, let n ≥ 6 and suppose γ rcon (C n ) = n. Since γ rcon (C n ) = n − 1 by Remark 2.1, it follows that γ rcon (C n ) ≤ n − 2. Let S be a γ rcon -set of C n . Since S is convex, S is connected. Hence, we may assume that S = {x 1 , x 2 , ..., x k }, where k ≤ n − 2. Since S is a restrained dominating set, x n−1 , x n / ∈ S and
is an x 1 -x n−2 geodesic. This implies that S is not convex contrary to our assumption. Thus, γ rcon (C n ) = n.
The authors in [3] characterized the convex sets in the join of two connected non-complete graphs. 
(i) S is a clique dominating set in G.
(ii) S is a clique dominating set in H. Proof : Suppose that S ⊆ V (G + H) is a restrained convex dominating set in G + H. If S ∩ V (H) = ∅, then S ⊆ V (G). By Theorem 2.14, S is a clique in G. Since S is dominating, it follows that S is a clique dominating set in G. Similarly, if S ∩ V (G) = ∅, then S is a clique dominating set in H. This proves (i) and (ii). Now, suppose that S G = S ∩ V (G) = ∅ and S H = S ∩ V (H) = ∅. Then, S = S G ∪ S H , where S G and S H are cliques in G and H, repectively by Theorem 2.14. This proves (iii).
For the converse, suppose that (i) is true. Then S is a convex dominating set in G + H by Theorem 2.14. Since G is non-complete, S is a proper subset of V (G). Thus, for every u ∈ V (G) \ S and u ∈ V (H), uu ∈ E(G + H). This implies that V (G + H) \ S is a graph without isolated vertices. Hence, S is a restrained convex dominating set in G + H. Similarly, if (ii) is true, then S is a restrained convex dominating set in G + H. Now, suppose that (iii) holds. Then, S is a convex dominating set in G + H by Theorem 2.14. Since G and H are non-complete, S G and S H are proper subsets of V (G) and V (H) respectively, that is, S G ∪ S H ⊂ V (G + H). Thus, for every u ∈ V (G) \ S G and u ∈ V (H) \ S H , uu ∈ E(G + H). This implies that V (G + H) \ S is a graph without isolated vertices. Hence, S is a restrained convex dominating set in G + H. x is γ-set in G, that is, γ(G) = 1 . If x ∈ V (H) then x is γ-set in H, that is, γ(H) = 1.
For the converse, suppose that γ(G) = 1 or γ(H) = 1. Suppose first that γ(G) = 1. Let S = {x} be a γ-set in G. Then S is a dominating set in G + H. Since G is a non-trivial graph, V (G) \ S = ∅. Thus, V (G + H) \ S = V (G) \ S + H, is a graph with no isolated vertices. Thus, S is a restrained dominating set in G + H. Since S is convex, it follows that S is a restrained convex dominating set in G + H, that is, γ rcon (G + H) = 1. 
